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Abstract
This paper brings results about the behavior of sequences of eigenvalues or singular val-
ues of integral operators generated by square-integrable kernels on the real m-dimensional unit
sphere, m ≥ 2. Under smoothness assumptions on the kernels, given via (infinitely many times)
Laplace-Beltrami differentiability, we obtain super-exponential decay rates for the eigenvalues of
positive integral operators and for singular values of those which are non-positive. The positive
case is shown to be optimal. We also provide a list of parametric families of these kernels, which
are of interest for numerical analysis and geostatistical communities.
MSC: 45C05 (41A36 42A82 45M05 45P05 47A75)
Keywords: decay rates, eigenvalues, singular values, integral operators, Laplace-Beltrami dif-
ferentiability.
1 Introduction
The relation between smoothness of generating kernels and decay rates for eigenvalues or singular
values of the generated integral operators was largely explored in the last century and can be useful
in branches of mathematics and applied mathematics as it can be seen in [WaZ15] and references
quoted there.It first appeared in Fredholm’s fundamental paper [Fre03] and it has been developed
since then by many authors in different settings with several smoothness assumptions.
There is a considerable amount of results on this subject in the literature, mostly considering
Lipschitz and Ho¨lder type assumptions ([BiSo]), but differentiability also yields useful smoothness
conditions (see [ChaHa99, Han90, FeMePe, JoMeSu] and references therein). Besides, it is known
that finite orders of differentiability produce polynomial type decay rates for the eigenvalues or
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singular values sequences. On the other hand, it was shown in [Re92] that positive sequences
decreasing to zero at least faster than {n−p}n are related to p-times continuously differentiable
kernels. As so we may expect some kind of exponential rates for the decrease of these sequences
when the order of smoothness of the kernel is assumed to be infinite.
In fact, this is what happens e.g. in [RaRa, Pa92, LiRe, AzMe14] and, in particular, in [Ko78]
where B. D. Kotlyar considered Hilbert-Schmidt integral operators in L2(a, b) generated by complex
kernels having mean derivatives of all orders increasing sufficiently rapidly and achieved for the
singular values sn of the estimate
sn ≤
√
M n2+log2((b−a)/π)−log2
√
(2/R) log2 n,
where R < 2 and M are positive numbers not depending on n but both connected with the
smoothness assumption.
In this paper we follow some ideas of [CaMe12] and present improved spherical versions of
Kotlyar’s result quoted above. The paper is organized as follows. We state our main results in
Section 2 after fixing some notations and providing the necessary definitions of integral operators
on the spherical context as well as the concept of smoothness via Laplace-Beltrami derivatives.
In Section 3 we discuss some spherical results to be used later. In Section 4 we prove the main
theorems of this paper. Section 5 is reserved for showing that one of our results produces the best
decay rates possible. We close the paper presenting a list of parametric families of kernels which
fit Theorem 2.2 and are important for several applications.
2 Main results
Let m ≥ 2 be an integer fixed throughout this text and Sm the m-dimensional unit sphere centered
at the origin of the Euclidean space Rm+1. We endow Sm with the surface measure σm induced by
the Lebesgue measure of Rm+1 and consider the Hilbert space L2(Sm) := L2(Sm, σm) consisting of
all square integrable functions f : Sm → C with the norm ‖ · ‖2 induced by the inner product
〈f, g〉2 = 1
ωm
∫
Sm
f(x)g(x)dσm(x), f, g ∈ L2(Sm), (2.1)
where ωm means the volume of S
m.
We call kernel on Sm a function K : Sm × Sm → C and as before we consider the Hilbert
space L2(Sm × Sm) =: L2(Sm × Sm, σm ⊗ σm). It is well known that K ∈ L2(Sm × Sm) generates
a compact integral operator on L2(Sm) defined by
K(f) =
∫
Sm
K(·, y)f(y)dσm(y). (2.2)
The set of eigenvalues of K is known to be a discrete subset {λn(K)} of the real line heaving only
zero as limit point. The eigenvalues of the compact operator |K| =: (K∗K)1/2, in which K∗ stands
for the adjoint operator of K, are denoted by sn(K) and called the singular values of K. Since |K|
is also positive and self-adjoint then the spectral theorem can be invoked in order to ensure that
{sn(K)} can be distributed as s1(K) ≥ s2(K) ≥ · · · ≥ 0, regarding possible repetitions caused by
the algebraic multiplicities.
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When K is also positive we say that K is L2-positive definite (L2-PD for short). This implies
that K is also self-adjoint and its eigenvalues λn(K) are non-negative numbers to be arranged in a
non-increasing order. If K is also continuous then it becomes positive definite on Sm in the sense
that
n∑
i=1
n∑
j=1
cicjK(xi, xj) ≥ 0,
holds for any n ∈ N, x1, . . . , xn ∈ Sm, c1, . . . , cn ∈ C (see Theorem 2.3 in [FeMe]).
The smoothness assumption we adopt is given via Laplace-Beltrami derivatives, a variation of
the usual derivative on Sm. Consider the spherical shifting defined by the formula
Smt (f)(x) :=
1
|Rmt |
∫
x·y=t
f(y) dy, x ∈ Sm, t ∈ (−1, 1), (2.3)
where “x · y” is the usual inner product among x, y ∈ Rm+1, dy denotes the measure element of
the rim Rmt := {y ∈ Sm : x · y = t} of Sm and |Rmt | = σm−1(1 − t2)(m−1)/2 its volume. We say
f ∈ L2(Sm) is LB-differentiable if there exists Df ∈ L2(Sm) such that
lim
t→1−
∥∥∥∥(I − Smt )(f)1− t −Df
∥∥∥∥
2
= 0, (2.4)
where I is the identity operator. That being true, the function Df is called the Laplace-Beltrami
derivative of f . Higher order derivatives are inductively defined by D1 = D and Dr := D1 ◦ Dr−1,
r = 2, 3, . . . . We say f ∈ L2(Sm) is infinitely LB-differentiable when it has Laplace-Beltrami
derivatives of all orders.
Properties of Laplace-Beltrami derivatives we will need in order to prove our results will be
presented in the next section. For more information about this subject we suggest [MePi11] and
references therein. In particular, the reader can find in [CaMeO13] the connection among the
Laplace-Beltrami derivative and the usual derivative on Sm.
Basic Sobolev-type spaces can be defined following [LiMa, p.37]. The space of all complex valued
functions on Sm which are LB-differentiable up to order r is denoted by W r2 while the space of
those functions that are infinitely LB-differentiable is defined by
W∞2 :=
⋂
r
W r2 = {f ∈ L2(Sm) : Drf ∈ L2(Sm), r = 1, 2, . . . }. (2.5)
The action of Laplace-Beltrami derivatives on kernels on Sm is similar to that of partial (usual)
derivatives: we write DryK to indicate the r-th order Laplace-Beltrami derivative of K with respect
to the variable y. In particular, we write
K0,r := DryK, r = 1, 2, . . . , (2.6)
and denote by K0,r the integral operator generated. Finally, we say that K belongs toW∞2 whenever
K(x, ·) ∈W∞2 , x ∈ Sm a.e.. (2.7)
Now we are ready to state the main results of this paper.
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Theorem 2.1. Let K ∈ L2(Sm × Sm) belong to W∞2 . If there exist constants M > 0 and R > 1,
do not depending upon r, such that
‖K0,r‖2 ≤MRr, (2.8)
then, for all positive sequence αn = o( m
√
n), the series
∞∑
n=1
n
m√n
δm
+αnsn(K), δ =
{
2, if m = 2,
1, if m ≥ 3, (2.9)
converges. In particular, sn(K) = o
(
n−
m
√
n/δm
)
, as n→∞.
This result can be seen as an improved spherical version of the one obtained on bounded real
intervals by B. D. Kotlyar in [Ko78]. Similar to its original real version, it applies to compact
integral operators generated by kernels having all orders of Laplace-Beltrami derivatives rapidly
increasing. But verifying that a kernel satisfies condition 2.8 can be a quite difficult task. As so
we replace 2.8 by a positivity assumption on the kernel, an easier condition to be verified, though
some kind of boundedness of the integral operators generated by derivatives must remain in order
to ensure technical properties of the singular values.
Theorem 2.2. Let K be L2-PD and belong to W∞2 . If K0,r : L2(Sm)→ L2(Sm) is bounded for all
r ∈ N, then, for all positive sequence αn = o( m
√
n), the series
∞∑
n=1
n
m√n
δm
+αnλn(K), δ =
{
2, if m = 2,
1, if m ≥ 3, (2.10)
converges. In particular, λn(K) = o
(
n−
m
√
n/δm
)
, as n→∞.
Remark 2.3. Both previous results remain true if we consider usual derivatives instead of the
smoothness assumption used. This occurs because every function having all orders of derivatives
(in the usual meaning) lies down in W∞2 . We refer [CaMeO13, p. 102] to see how to go from usual
derivative to Laplace-Beltrami derivative.
Remark 2.4. After some adjustments, both Theorems 2.1 and 2.2 can be reproduced on com-
pact two-point homogeneous spaces. These spaces are manifolds having an invariant Riemannian
(geodesic) metric and can be endowed with a measure that permits to consider the Laplace-Beltrami
operator on it, which can be used in order to define the smootheness condition in the same way we
did here. We suggest [BrDa05, KuTo12] and references therein for more detailed information about
these spaces.
3 Spherical background
In this section we remind several properties related to the Laplace-Beltrami derivative operator
Dr : W r2 → L2(Sm) and the Laplace-Beltrami integral operator.
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The powers of the Laplace-Beltrami integral operator appear quite naturally in decompositions
of K when the generating kernel K satisfies smoothness assumptions defined via the Laplace-
Beltrami derivative (see Lemma 4.3 in [CaMe12] and Lemma 3.1 in this section). For that reason,
the Laplace-Beltrami integral operator enters in the proofs of the main results previously stated.
We denote by Hm+1n the class of all spherical harmonics of degree n in m + 1 variables. The
set of all spherical harmonics in m+ 1 variables constitutes a fundamental set of L2(Sm), that is,
L2(Sm) = ⊕∞n=0Hm+1n . The dimension of Hm+1n will be written as dmn while {Yn,k : k = 1, 2, . . . , dmn }
will stand for an orthonormal basis of it. The numbers dmn = dimHm+1n are given by dm0 = 1 and
([Mo98, p.17])
dmn = (2n +m− 1)
(n +m− 2)!
n!m!
, n ≥ 1. (3.11)
They can also be obtained via recurrence relation ([Mo98, p. 18]) as
dm+1n =
n∑
k=0
dmk . (3.12)
The r-th order Laplace-Beltrami derivative operator, Dr : W r2 → L2(Sm) is a unbounded self-adjoint
operator acting as a multiplier in the sense that
Dr(Y ) = n
r(n+m− 1)r
mr
Y, Y ∈ Hm+1n . (3.13)
The Laplace-Beltrami integral operator is the unique linear mapping J : L2(Sm) → L2(Sm)
defined by the conditions J(1) = 1 and
J(Y ) =
m
n(n+m− 1) Y, Y ∈ H
m+1
n , n = 1, 2, . . . . (3.14)
It is a bounded linear operator acting like an inverse of the Laplace-Beltrami derivative operator
in the sense that
D(J(Y )) = J(D(Y )) = Y, Y ∈ ⊕∞n=1Hm+1n . (3.15)
It can also be defined via spherical convolution as the reader can see in [MePi11]. The powers of J
are also defined recursively: J1 = J and Jr := J ◦ Jr−1, r = 2, 3, . . ..
The formula
〈Jr(f), g〉2 = 〈f, Jr(g)〉2, f, g ∈ L2(Sm), (3.16)
encompasses the self-adjointness of Jr
while Theorem 3.1 in [CaMe12] shows the operator Jr is also compact. Due to the spectral
theorem its eigenvalues can be listed in a non-increasing order counting the repetitions according
to the formulas Jr 1 = 1 and 3.14. Therefore the sequence {λn(Jr)}n can be block ordered such
that:
- the first block contains the eigenvalue 1; and
- the (n+ 1)-th block (n ≥ 1) contains dmn entries equal to mrn−r(n+m− 1)−r.
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Consequently, by (3.12), the first element in the (n+ 1)-th block corresponds to the index
dm0 + d
m
1 + · · ·+ dmn−1 + 1 = dm+1n−1 + 1, (3.17)
and the last one corresponds to the index
dm0 + d
m
1 + · · ·+ dmn−1 + dmn = dm+1n . (3.18)
To close the section we state the following result concerning a estimation for the singular values
of K. It plays a crucial role in the proofs of Theorems 2.1 and 2.2. We ommit the proof as it can
be seen as a corollary of Lemma 4.3 in [CaMe12].
Lemma 3.1. Let K be an element of W∞2 . If K0,r is bounded for all r then
sn+1(K) ≤ sn(K0,rJr), r, n = 1, 2, . . . .
4 Proofs of the main results
Before proceeding to the proofs of our main results, we remind one important estimate and two
identities concerning singular values of compact operators. All of them come from [Ko¨86, Pi87].
If T and A are compact operators on L2(Sm) then
sn+k−1(AT ) ≤ sn(A)sk(T ), n, k ∈ N. (4.19)
Moreover, if T is self-adjoint then its singular values are related to its eigenvalues by
sn(T ) = |λn(T )|, n ∈ N. (4.20)
Furthermore, if K ∈ L2(Sm × Sm) then the following relation involving the singular values of the
integral operator generated by K holds true:
∞∑
n=1
s2n(K) = ‖K‖22. (4.21)
Next lemma plays the role of foundation for the proofs of Theorems 2.1 and 2.2.
Lemma 4.1. Let K ∈ L2(Sm × Sm) belong to W∞2 . If K0,r : L2(Sm)→ L2(Sm) is bounded for all
r ∈ N then there exists a constant c > 0 satisfying
sdm+1n (K) ≤ c
e2nmn
n2n+m
s1(K0,n), n ∈ N. (4.22)
Proof. Suppose K0,r : L2(Sm)→ L2(Sm) is bounded for all r ∈ N. Lemma 3.1 yields
sdm+1n
(K) ≤ sdm+1n −1(K0,1J), n ∈ N.
The recurrence formula 3.12 leads to
sdm+1n (K) ≤ sdmn +dm+1n−1 −1(K0,1J), n ∈ N, (4.23)
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while inequality (4.19) guarantees that
sdmn +d
m+1
n−1 −1(K0,1J) ≤ sdmn (J)sdm+1n−1 (K0,1), n ∈ N. (4.24)
Inequalities 4.23 and 4.24 imply
sdm+1n (K) ≤ sdmn (J)sdm+1n−1 (K0,1), n ∈ N. (4.25)
The same reasoning applied for sdm+1n−1
(K0,1) helps us to reach
sdm+1n−1
(K0,1) ≤ sdmn−1(J)sdm+1n−2 (K0,2), n = 2, 3, . . . .
After replacing this very last inequality in (4.25) we are conducted to
sdm+1n (K) ≤ sdmn (J)sdmn−1(J)sdm+1n−2 (K0,2), n = 2, 3, . . . .
The smoothness assumption on K and a recursive process allow us to write
sdm+1n (K) ≤
[
n∏
i=1
sdmi (J)
]
s1(K0,n), n ∈ N. (4.26)
We turn our attention to the newcomer product on the right side of 4.26. Since we know the singular
values of the Laplace-Beltrami integral operator, we are able to establish
n∏
i=1
sdmi (J) =
n∏
i=1
m
i(i+m− 1) =
mn(m− 1)!
n! (n+m− 1)! , n ∈ N. (4.27)
Stirling’s formula ([Ro00]) and some simplification can be used in order to obtain
mn(m− 1)!
n! (n +m− 1)! ≤ c
mne2n
n2n+m
, n ∈ N, (4.28)
for some positive constant c. By combining 4.28 along with both 4.26 and 4.27 we finish the
proof.
Proof of Theorem 2.1. Hypothesis 2.8 implies K0,r : L2(Sm)→ L2(Sm) is bounded for all r ∈ N.
By Lemma 4.1 we have
sdm+1n (K) ≤ c
e2nmn
n2n+m
s1(K0,n), n ∈ N,
where c > 0 does not depend on n. Furthermore, as Equality 4.21 implies s1(K0,n) ≤ ||K0,n||2, we
invoke again Hypothesis 2.8 and achieve
sdm+1n (K) ≤ c M
e2nmnRn
n2n+m
, n ∈ N. (4.29)
From 3.11 we derive the limit formula
lim
n→∞
dm+1n
nm
=
2
m!
, (4.30)
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which in its turn implies
dm+1n ≤ (δn)m, n≫ 1, (4.31)
where δ = 2 for m = 2, and δ = 1 for m ≥ 3. Since the singular values of the integral operator
generated by K are arranged in a non-increasing order then
s(δn)m(K) ≤ c M
e2nmnRn
n2n+m
, n≫ 1. (4.32)
Now let αn = o( m
√
n) be a positive sequence and write α′n := αδm(n+1)m , n = 1, 2, . . . . It follows
from 4.32 that
∞∑
n≫1
(2δ)n+mα
′
nnn+m(1+α
′
n)s(δn)m(K) ≤ c M
∞∑
n≫1
e2nmnRn(2δ)n+mα
′
nnmα
′
n
nn
,
where the series on the right side converges, as αn = o( m
√
n) implies α′n = o(n). Hence, the series
∞∑
n=1
(2δ)n+mα
′
nnn+m(1+α
′
n)s(δn)m(K) (4.33)
is convergent.
In order to show that the series 2.9 converges, we are going to bound it by the very last series.
We start reindexing 2.9 as
∞∑
n=δm+1
n
m√n
δm
+αnsn(K) =
∞∑
n=1
δm(n+1)m−(δn)m∑
k=1
[(δn)m + k]
(
m
√
(δn)m+k
δm
+α(δn)m+k
)
s(δn)m+k(K).
Since k ≤ δm(n+ 1)m − (δn)m,
∞∑
n=δm+1
n
m√n
δm
+αnsn(K) ≤ δ
∞∑
n=1
δn+mα
′
n(n+ 1)n+1+mα
′
n
δm(n+1)m−(δn)m∑
k=1
s(δn)m+k(K).
The sequence {sn(K)} is non-increasing then
∞∑
n=δm+1
n
m√n
δm
+αnsn(K) ≤ δ
∞∑
n=1
δn+mα
′
n(n+ 1)n+1+mα
′
ns(δn)m(K)
δm(n+1)m−(δn)m∑
k=1
1
≤ δ
∞∑
n=1
δn+mα
′
n(n+ 1)n+1+mα
′
ns(δn)m(K)[δm(n+ 1)m − (δn)m].
Moreover, from Lemma 4.5 of [CaMe12] we know that
δm(n+ 1)m − (δn)m ≤ mδm2m−1nm−1, n = 1, 2, . . . ,
and it is easy to see that (n+1)n+1+mα
′
n ≤ 2n+1+mα′nnn+1+mα′n , n = 1, 2, . . . . Therefore, we obtain
∞∑
n=2m+1
n
m√n
2m
+αnsn(K) ≤ m2mδm+1
∞∑
n=1
(2δ)n+mα
′
nnn+m(1+α
′
n)s(δn)m(K),
and by 4.33 the proof is complete.
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We now proceed to prove Theorem 2.2. The proof follows very closely the last one we provided
but it is important to notice some implications arising from the positivity assumption before starting
it.
Since K L2-PD implies that the integral operator K is self-adjoint then it can be represented
as ([Sc70, p.36])
K(x, y) =
∞∑
n=0
dmn∑
k=1
an,kYn,k(x)Yn,k(y), x, y ∈ Sm. (4.34)
From Theorem 7.7 of [MePi11] we obtain
K0,r(x, y) = DryK(x, y) =
∞∑
n=1
dmn∑
k=1
an,kYn,k(x)DryYn,k(y), (4.35)
while 3.13 yields
K0,r(x, y) =
∞∑
n=1
dmn∑
k=1
an,k
[
n(n+m− 1)
m
]r
︸ ︷︷ ︸
new coefficient: bm,r
n,k
Yn,k(x)Yn,k(y).
Therefore, for r a positive integer number, it follows that
s1(K0,r) = max{bm,r1,k : k = 1, . . . , dm1 } = max {a1,k : 1 ≤ k ≤ dm1 = m+ 1} := am1 , (4.36)
i.e., s1(K0,r) does not depend upon r.
Next we provide the proof of Theorem 2.2.
Proof of Theorem 2.2. By Lemma 4.1 we have
s(δn)m(K) ≤ c
e2nmn
n2n+m
s1(K0,n), n≫ 1,
where c > 0 does not depend on n.
Since K is L2-PD and belongs to W∞2 , it follows from 4.36 that
s(δn)m(K) ≤ cam1
e2nmn
n2n+m
, n≫ 1. (4.37)
From this point we can follow the procedure of the previous proof from (4.32) and arrive at the
desired convergent series after applying Equality (4.20).
5 Optimality
In this section we construct an example in order to show that the result obtained in Theorem 2.2
is optimal. The optimality is in the sense that it is not possible to guarantee the convergence
of 2.10 when considering, in the statement of Theorem 2.2, a sequence βn = O( m
√
n) instead of
αn = o( m
√
n).
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Theorem 5.1. There exists a positive sequence βn = O( m
√
n) and a kernel K satisfying the condi-
tions of Theorem 2.2 such that
∞∑
n=1
n
m√n
δm
+βnλn(K), δ =
{
2, if m = 2,
1, if m ≥ 3, (5.38)
does not converge.
Proof. Consider the kernel K having the condensed spherical harmonic expansion
K(x, y) ∼ 1 +
∞∑
n=1
dmn
n2n+m−1
Pmn (x · y), x, y ∈ Sm, (5.39)
where Pmn is the Legendre polynomial of degree n associated with the integer m.
Since |Pmn (x ·y)| ≤ 1, x, y ∈ Sm, and dmn = O(nm−1), as n→∞, then there is c > 0 independent
of n such that ∣∣∣∣∣
∞∑
n=1
dmn
n2n+m−1
Pmn (x · y)
∣∣∣∣∣ ≤ c
∞∑
n=1
1
n2n
, x, y ∈ Sm.
It follows that K is positive definite on Sm ([Sch42]) and continuous on Sm × Sm as the series on
the right side converges. Therefore, it is also L2-PD by Theorem 2.1 of [FeMe].
The well-known addition formula ([Mo98]) can be used in order to see that
K0,r(x, y) ∼ 1
mr
∞∑
n=1
dmn n
r(n+m− 1)r
n2n+m−1
Pmn (x · y), x, y ∈ Sm e r = 1, 2, . . . .
The same reasoning we used in order to show the continuity of K guarantees that K0,r is continuous
on Sm × Sm for all r ∈ N. Hence, K ∈ ∩rW r2 = W∞2 and K0,r is a bounded operator on L2(Sm)
for all r ∈ N.
Theorem 2.2 implies that the series
∞∑
n=1
n
m√n
δm
+αnλn(K), δ =
{
2, se m = 2,
1, se m ≥ 3, (5.40)
converges for all positive sequence αn = o( m
√
n).
In the sequel we show that Theorem 2.2 can fail when we exchange o( m
√
n) by O( m
√
n) sequences.
Indeed, by the limit formula 4.30 there exists a positive constant ℓ < 1 and nℓ ∈ N such that{
ℓm(n− 1)m < ℓ(n− 1)m < dm+1n−1 , n ≥ nℓ,
ℓnm−1 < dmn , n ≥ nℓ.
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Consider βn =
(2δm−ℓ)
ℓδm
m
√
n = O( m
√
n). Then
∞∑
n=1
n
m√n
δm
+βnλn(K) = 1 +
∞∑
n=1
dm+1n −dm+1n−1∑
k=1
(dm+1n−1 + k)
m
√
d
m+1
n−1 +k
δm
+
(2δm−ℓ) m
√
d
m+1
n−1 +k
ℓδm λdm+1n−1 +k
(K)
= 1 +
∞∑
n=1
dm+1n −dm+1n−1∑
k=1
(dm+1n−1 + k)
2 m
√
d
m+1
n−1 +k
ℓ λdm+1n−1 +k
(K)
≥
∞∑
n=1
dm+1n−1
2 m
√
d
m+1
n−1
ℓ
dmn
n2n+m−1
,
and by the definition of ℓ,
∞∑
n=1
n
m√n
δm
+βnλn(K) ≥
∞∑
n=nℓ
(ℓ(n − 1)m) 2
m
√
ℓm(n−1)m
ℓ
ℓnm−1
n2n+m−1
= ℓ−1
∞∑
n=nℓ
ℓ2n
(n− 1)2m(n−1)
n2n
,
where the last series diverges as m ≥ 2.
Remark 5.2. In order to ratify 5.40, we observe that the sequence {λn(K)} is block ordered, the
first element is equal to 1 and the (n + 1)-th block (n ≥ 1) has dmn entries equal to n−2n−m+1. As
so,
∞∑
n=1
n
m√n
δm
+αnλn(K) = 1 +
∞∑
n=1
dm+1n −dm+1n−1∑
k=1
[dm+1n−1 + k]
m
√
d
m+1
n−1 +k
δm
+α
d
m+1
n−1 +kλdm+1n−1 +k
(K)
≤ 1 +
∞∑
n=1
(dm+1n )
m
√
d
m+1
n
δm
+α
d
m+1
n
1
n2n+m−1
(dm+1n − dm+1n−1 )
By the recurrence formula 3.12 it follows that
∞∑
n=1
n
m√n
δm
+αnλn(K) ≤ 1 +
∞∑
n=1
(dm+1n )
m
√
d
m+1
n
δm
+α
d
m+1
n
1
n2n+m−1
dmn
Finally, remembering 4.31 we have, for n0 sufficiently large,
∞∑
n=1
n
m√n
δm
+αnλn(K) ≤ C +
∞∑
n=n0
((δn)m)
m
√
(δn)m
δm
+α(δn)m
1
n2n+m−1
(δn)m−1
= C + δm−1
∞∑
n=n0
δn+mα(δn)m
nmα(δn)m
nn
,
where C > 0 does not depend upon n and the last series converges as α(δn)m ≤ αδm(n+1)m = o(n),
as n→∞.
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6 Examples
We close the paper by showing some examples of kernels fitting into Theorem 2.2. The first class
of examples to be presented was studied in [AzMe14] where the authors obtained estimates more
precise than ours but using a strong technical hypothesis (see Equation (3.3) therein). A weaker
one is enough to guarantee that dot product kernels satisfy Theorem 2.2.
Example 6.1. (Dot product kernel) Assume m ≥ 2 and consider the dot product kernel
K(x, y) =
∞∑
n=1
bn(x · y)n, x, y ∈ Sm, (6.41)
where bn > 0, n ∈ N, and
lim
n→∞
bn+1
bn
(6.42)
converges to some number smaller than 1.
It is not difficult to see that K is positive definite on Sm and continuous on Sm × Sm. Then
it is also L2-PD. Moreover, the decay hypothesis on bn implies that K is actually infinitely many
times differentiable in the usual sense on the sphere. As so, it belongs to W∞2 and K0,r is bounded
on L2(Sm). Therefore, this class of kernels satisfies Theorem 2.2.
The Gaussian kernel is an example of a kernel with an expansion as 6.41 satisfying 6.42. It plays
an important role in many branches of mathematics such as learning theory, radial basis functions
and methods in kernel based spaces, e.g. image and video colorization ([HoSS08, MiKaLe]).
Example 6.2. (Gaussian kernel) For r > 0 a fixed real number the Gaussian kernel
K(x, y) = er/2 exp
(
−‖x− y‖
2
r
)
, x, y ∈ Sm,
can be represented as a dot product kernel as follows
K(x, y) =
∞∑
n=0
2n
n!rn
(x · y)n, x, y ∈ Sm.
Its easy to see that bn =
2n
n!rn satisfies 6.42. Then the eigenvalues λn of the integral operator
generated by the Gaussiann kernel satisfy (2.10) and, consequently, λn = o
(
n−
m
√
n/δm
)
, as n→∞.
We observe that this particular behavior can be ratified by Theorem 2 in [MiNiYa].
Next, we consider kernels that provide some of the functions most used in spherical models
that arise in several areas such as geostatistics, mathematical physics, and probability theory (see
[ArPoBeMa18] and references therein).
Example 6.3. (Multiquadric kernel) For σ > 0 and 0 < δ < 1 the multiquadric kernel
K(x, y) = σ2
(1− δ)m−1
(1 + δ2 − 2δ x · y)m−12
, x, y ∈ Sm, (6.43)
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is positive definite on Sm and has an expansion as ([MøNiPoRu18])
K(x, y) =
∞∑
n=0
σ2(1− δ)m−1
(
m+ n− 2
n
)
δnPmn (x · y).
Clearly it is continuous and then L2-PD.
Furthermore, K belongs to W∞2 because
K0,r(x, y) =
∞∑
n=1
σ2(1− δ)m−1
(
m+ n− 2
n
)
δn
nr(n+m− 2)r
mr
Pmn (x · y)
is continuous for all r ∈ N. This also implies that K0,r : L2(Sm)→ L2(Sm) is bounded.
Example 6.4. (Spectral model kernel: Møller family) For α, β, τ, σ > 0 the spectral model
kernel
K(x, y) =
∞∑
n=0
σ2
1 + β exp((nα )
τ )
Pmn (x · y)
is positive definite on Sm ([MøNiPoRu18]) and also satisfies the conditions of Theorem 2.2.
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